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We investigate the nature of additional scalar degrees of freedom contained in extended hybrid
metric-Palatini gravity, outlining the emergence of two coupled dynamical scalar modes. In partic-
ular, we discuss the weak field limit of the theory, both in the static case and from a gravitational
waves perspective. In the first case, performing an analysis at the lowest order of the parametrized
post-Newtonian structure of the model, we stress the settling of Yukawa corrections to the Newto-
nian potential. In this respect, we show that one scalar field can have long range interactions and
used in the principle for mimicking dark matter effects. Concerning the gravitational waves prop-
agation, instead, we demonstrate that is possible to have well-defined physical degrees of freedom,
provided by suitable constraints on model parameters. Moreover, the study of the geodesic deviation
points out the presence of breathing and longitudinal polarizations due to these novel scalar waves,
which on peculiar assumptions can give rise to beating phenomena during their propagation.
I. INTRODUCTION
Last years, modified theories of gravity have been in-
tensively studied in order to address problems of modern
cosmology, such as current accelerated expansion of the
Universe [1–5] and dark matter evidence [6–8]. Usually,
they are explained within the so-called ΛCDM model,
where a de Sitter phase is reproduced by simply adding
a cosmological constant term to Einstein equations, and
dark matter understood as non relativistic particles inter-
acting with ordinary matter mostly gravitationally. How-
ever, a different perspective is offered by modifying the
nature of the gravitational interaction as predicted by
General Relativity (GR), with the aim of accounting for
these exotic phenomena as purely dynamical effects, e.g.
introducing additional degrees of freedom (dof) [9–11] or
modified stress energy coupling to geometry [12–17]. In
this respect, a large number of choices for an extended
Einstein-Hilbert action is actually feasible, involving dif-
ferent contributions in metric derivatives [18–23], as well
as gauge theory approaches for the gravitational field [24–
29]. Among these available models, f(R) theories stand
for their relevance and simplicity [30], where a new degree
of freedom is introduced by replacing the Ricci scalar R
of the standard GR action with a generic function of it,
leading to fourth order equations of motion for the metric
field. Cosmological scenarios stemming from such revis-
ited theoretical framework have been deeply investigated,
with dark energy-like solutions widely discussed [31–34],
and dark matter issue addressed by means of the addi-
tional scalar mode featuring this reformulation [35, 36],
made manifest in its scalar tensor restatement [37–40].
With this regard, however, the requirement of preserving
solar system local dynamics [41–44], consisting in very
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short range scalar interaction, turned out to be incon-
sistent with demands of late time expansion, involving
instead astrophysical range deformations of gravitational
force.
The dynamics of the gravitational field contains an-
other source of ambiguity, related in this case to the na-
ture of the metric field and the affine connection, which
could be considered in principle as independent variables.
Such an approach, corresponding to the so-called Pala-
tini (or first order) formulation, appears very promising
especially for its implication in the quantization of grav-
ity as a gauge field theory [28, 29]. However, even if
the Hilbert-Palatini action is in vacuum at all equivalent
to the metric Einsten-Hilbert analogous [45], it outlines
significant differences for instance when fermions are in-
cluded in the dynamics [46]. In fact, spinorial fields cou-
ple to connection and induce a non-vanishing torsion in
spacetime structure, so that the equivalence with the sec-
ond order approach is intrinsically lost, forcing us to deal
instead with Einstein-Cartan geometry [47, 48]. Similar
issues arise when Palatini scheme is applied to f(R) mod-
els [49], and several discrepancies emerge with respect to
the corresponding metric (or second order) analysis. Es-
pecially, the connection turns out to be an auxiliary field
devoid of proper dynamics, whose expression depends on
the form of the function f(·), and Palatini f(R) grav-
ity can be conveniently restated as a metric theory en-
dowed with torsion [49–51]. Therefore, the additional
scalar degree is not dynamical, but it affects the way mat-
ter sources and spacetime curvature interact, and also in
vacuum the two reformulations are not equivalent, being
Palatini case featured by an effective cosmological con-
stant, inherently related to the form of the f(·) function.
As originally proposed in [52], an intriguing perspec-
tive is constituted by the possibility of combining both
the approaches, considering actions which contain Pala-
tini f(R) modifications to ordinary Einstein-Hilbert met-
ric Lagrangian. Particularly, these theories successfully
accomplish the result of providing long range scalar
mode, able to reproduce dark matter effects [53–55],
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2without violating solar system observational constraints
and invoking the so-called “chameleon mechanism”[56–
58]. Furthermore, cosmological solutions have been ex-
tensively investigated, obtaining accelerated expansion
scenarios [59, 60], and studies about compact objects and
spherically symmetric static configuration have been per-
formed [61, 62].
Here, we deal with a further generalization of these mixed
models, and consider a scalar action as in [63, 64], where
the function f is assumed to depend on both the Ricci
scalars, metric and Palatini ones. Especially, we analyze
in detail the features of the theory in the weak field limit.
It is easy to recognize that in such a type of theory, the
scalar-tensor representation is still possible, but now two
distinct scalar dof come out. These non-minimally cou-
pled scalar fields are dynamically characterized by the
form of the potential term they obey as a result of the
form of the original function f(R,R). Critical points of
the potential term (minima, maxima and saddle points)
are relevant for the local gravitational field dynamics, as
it is concerned in the post-Newtonian limit or when the
propagation of gravitational waves is taken into account.
We analyze situation in which the two emerging massive
scalar modes have, in the diagonal representation, well-
defined masses, ruling out of the theory the non-physical
situations in which tachyon modes are present (see [65]
for a comparison).
On the level of post-Newtonian analysis, we show how
General Relativity can be still recovered with high de-
gree of precision in the Solar System, as far as the theory
parameters are suitably constrained, also in the presence
of long range scalar interaction, which can be adopted
in principle to reproduce dark matter effects. Then, we
analyze the propagation of the gravitational waves in the
presence of the two additional massive scalar modes. The
deformation of the standard wave polarizations is investi-
gated in some detail for a rather general spanning of the
parameter space. In particular, we discuss the intriguing
case of nearly degenerate massive modes, and we study
the very peculiar phenomenon of wave beating. Such a
beating mode is a very striking track of the considered
modified theory of gravity and it suggests that upper
limits on the existence of mixed f(R,R) model can be
experimentally put via present and incoming interferom-
eter devices [66–74].
The paper is organized as follows. In Sec. II extended
hybrid metric-Palatini models are briefly discussed and
their scalar tensor representation introduced; in Sec. III
we analyze the first post-Newtonian corrections in the
static weak field limit, pointing out the appearing of
Yukawa corrections to gravitational potential given by
both the additional scalar dof; in Sec. IV we address the
propagation of gravitational waves in vacuum, investigat-
ing to some extent the theory structure in order to have
well-defined physical modes; in Sec. V we study the ef-
fects on geodesic deviation equation of scalar fields, trac-
ing analogies with metric f(R) theories; in Sec. VI we
discuss the possible interaction of scalar modes, result-
ing in beating phenomena; in Sec. VII conclusions are
drawn.
II. EXTENDED HYBRID METRIC-PALATINI
THEORIES
Formerly introduced in [37, 63], extended hybrid
metric-Palatini theories are described by the action1
S =
1
2κ
∫
d4x
√−g f(R,R) + SM (1)
where SM stands for the generic matter contribution and
the function f(R,R) is assumed to depend on both the
metric and Palatini Ricci scalars, denoted by R and R,
respectively. Accordingly, we deal with two different kind
of affine connections, i.e. the standard Levi-Civita con-
nection related to the metric curvature scalar2 R:
R = gµνRµν(Γ(g)), (2)
with
Γρµν =
gρτ
2
(∂µgντ + ∂νgµτ − ∂τgµν) , (3)
and the independent connection Γ˜ρµν defining the Pala-
tini Ricci scalar
R = gµνRµν(Γ˜). (4)
The form of Γ˜ρµν can be dynamically determined by eval-
uating its equation of motion from (1). Indeed, under the
assumption that the matter fields only minimally couple
with the metric, it results in
∇˜ρ
(√−gfRgµν) = 0, (5)
where fR ≡ ∂Rf (similarly for R and higher order deriva-
tives), and ∇˜ρ denotes the covariant derivative from
Γ˜ρµν .
Especially, if we neglect the issue concerning the role of
the torsion in Palatini f(R) models (see [49] for a review
and [50, 51] for specific applications), the solution of (5)
is given by
Γ˜ρµν =
g˜ρτ
2
(∂µg˜ντ + ∂ν g˜µτ − ∂τ g˜µν) , (6)
which represents the Levi-Civita analougous for the con-
formal metric g˜µν ≡ fR gµν . Definition (6) is well-
grounded if we are able to relate fR to quantity Γ˜-
independent, and we can mimic the procedure usually
1 We set κ = 8piG and c = 1.
2 We adopted the mostly plus spacetime signature
(−1,+1,+1,+1) and the following convention for the Riemann
tensor: Rµνρσ = ∂ρΓ
µ
νσ − ∂σΓµνρ + ΓµτρΓτνσ − ΓµτσΓτνρ,
with Rµν = R
ρ
µρν .
3adopted in Palatini f(R) theories [49]. Then, by tracing
the equation of motion for the metric field gµν , i.e.
fRRµν + fRRµν − 1
2
gµνf − (∇µ∇ν − gµν)fR = κTµν ,
(7)
yielding to
fRR+ fRR− 2f + 3fR = κT, (8)
we see that since fR and fR are functions of both the
metric and the Palatini scalars, the modified structural
equation (8) is not a truly algebraic relation for R as in
standard Palatini f(R) case. Then, by the inspection of
(8) it is clear that generally extended f(R,R) theories
can inherit higher-derivative gravity features, peculiar
of the metric f(R) approach, as well as modified stress
energy tensor contributions, typical instead of Palatini
f(R) restatement.
A. Scalar-tensor formulation
As discussed in [63], action (1) can be rearranged in
the following scalar-tensor form
S =
1
2κ
∫
d4x
√−g (ψR+ ξR− V (ψ, ξ)) + SM , (9)
where we defined the scalar fields ψ ≡ fR, ξ ≡ fR and
the potential term
V (ψ, ξ) ≡ ψR(ψ, ξ) + ξR(ψ, ξ)− f(R(ψ, ξ),R(ψ, ξ)).
(10)
Such a representation is allowed if the determinant of the
Hessian matrix for f(R,R) is not vanishing, i.e.
fRRfRR − f2RR 6= 0, (11)
which represents the straightforward generalization to a
two variables function of the condition f ′′(R) 6= 0 for the
metric case (or equivalently for the f(R) Palatini one).
Hence, by virtue of (6) it is easy to see that the Palatini
Ricci scalar can be rewritten as
R = R+ 3
2ξ2
∂µξ∂
µξ − 3ξ
ξ
, (12)
which plugged into (9) leads for the gravitational part to
Sg =
1
2κ
∫
d4x
√−g
(
(ψ + ξ)R+
3
2ξ
∂µξ∂
µξ − V (ψ, ξ)
)
.
(13)
Now, defining the new scalar field φ = ψ + ξ, we can
recast (13) in the final form
Sg =
1
2κ
∫
d4x
√−g
(
φR+
3
2ξ
∂µξ∂
µξ −W (φ, ξ)
)
,
(14)
where W (φ, ξ) ≡ V (φ − ξ, ξ) and only the scalar φ is
coupled to the metric Ricci scalar.
Then, varying (13) with respect to the metric field we
get
Rµν − 1
2
gµνR− 1
φ
(∇µ∇ν − gµν)φ+ 3
2ξφ
∂µξ∂νξ
− 1
2φ
gµν
(
3
2ξ
∂ρξ∂
ρξ −W (φ, ξ)
)
=
κ
φ
Tµν ,
(15)
while equations for φ and ξ are given by, respectively
R =
∂W (φ, ξ)
∂φ
(16)
3
2ξ2
∂µξ∂
µξ − 3ξ
ξ
− ∂W (φ, ξ)
∂ξ
= 0. (17)
Eventually, substituting the trace of (15) into (16)-(17),
we get the following set of dynamically coupled equations
for the scalar fields
φ− 1
2ξ
∂µξ∂
µξ +
2W − φWφ
3
=
κ
3
T (18)
ξ − 1
2ξ
∂µξ∂
µξ +
ξWξ
3
= 0, (19)
where Wφ and Wξ are defined as fR,R.
It is worth noting that unlike ordinary Palatini f(R) for-
mulation, the field ξ represents a proper dynamical de-
gree (see (8)) and we expect in general two additional
degrees of freedom with respect to General Relativity.
Furthermore, we observe that even though the stress en-
ergy tensor only enters the equation for φ, by virtue of the
non trivial coupling between the scalar fields, ξ cannot
be considered in principle unaffected by matter contribu-
tions.
III. POST-NEWTONIAN CORRECTIONS
It is a well-established result (see [38, 52]) that addi-
tional scalar degrees can remarkably affect the dynamics
of gravitating system in weak field and slow motion case.
In particular, Yukawa corrections are usually obtained
for the Newtonian potential, and the requirement of re-
producing local experiment results allows in general to
put several constraints on theory parameters [41, 42, 44].
In this regard, the easiest way of determining the effects
of the fields φ and ξ in a general curved spacetime is to
consider a quasi-Minkowskian system of local coordinates
where the metric can be put into the form
gµν ≈ ηµν + hµν , (20)
with |hµν |  1, and the scalar fields φ, ξ are given by
φ = φ0 + δφ ξ = ξ0 + δξ, (21)
being φ0, ξ0 background values fixed by cosmological
boundary conditions, which evolve adiabatically in time
4according the cosmological background curvature and
δφ, δξ ∼ O(h) represent local fluctuations which we as-
sume to vanish outside the region described by (20). By
virtue of (21), we also expand the potential W (φ, ξ) as:
W (φ, ξ) 'W0 +W0,φ δφ+W0,ξ δξ+
+
1
2
(
W0,φφδφ
2 +W0,ξξδξ
2 + 2W0,φξδφδξ
)
,
(22)
where the subscript 0 denotes evaluation at the point
(φ0, ξ0), and W0, W0,φ are related to the background
curvature by means of (15) and (16). Especially, it is
more convenient recast (15) as
Rµν =
κ
φ
(
Tµν − 1
2
gµνT
)
+
1
2φ
gµν (φ+W )
+
1
φ
∇µ∇νφ− 3
2φξ
∂µξ∂νξ,
(23)
which, once we fixed the Nutku gauge
hµν,µ −
1
2
hµµ,ν =
∂νδφ
φ0
, (24)
gives at the lowest order in perturbation the following
equations for the metric hµν components:
4
(
h
(2)
00 −
δφ
φ0
)
= − 1
φ0
(κρ−W0) (25)
4
(
h
(2)
ij + δij
δφ
φ0
)
= −δij
φ0
(κρ+W0) , (26)
where we neglected time derivatives and we set 4 = ∇2
for the Laplacian operator and T00 = −T ≈ ρ, Tij ≈ 0.
Analogously, we can rearrange (18) and (19) as
(4−m2φ)δφ+
2W0,ξ − φ0W0,φξ
3
δξ = −κ
3
ρ (27)
(4−m2ξ)δξ +
ξ0W0,φξ
3
δφ = 0, (28)
with
m2φ ≡
φ0W0,φφ −W0,φ
3
m2ξ ≡ −
ξ0W0,ξξ +W0,ξ
3
,
(29)
and zero order terms satisfying
2W0 − φ0W0,φ = 0 ξ0W0,ξ = 0. (30)
Now, in order to solve (27)-(28) is useful to find a suitable
change of dynamical variables with the aim of decoupling
the equations of motion for δφ, δξ. That can be accom-
plished by introducing the matrix
A ≡
(
m2φ
φ0W0,φξ−2W0,ξ
3
− ξ0W0,φξ3 m2ξ
)
, (31)
and the vectors
Φ ≡
(
δφ
δξ
)
T ≡ −κ
3
(
ρ
0
)
, (32)
which allow us to rewrite the set (27)-(28) as
(I2×2 4−A)Φ = T (33)
where I2×2 denotes the identity matrix of dimension 2.
Then, the system (74) can be decoupled, that is A turned
into diagonal form, by simply evaluating the matrix P of
its eigenvectors. Therefore, let us rearrange (33) like
(I2×2 4−AD)ΦD = P−1T (34)
with AD ≡ P−1AP diagonal and ΦD ≡ P−1Φ. We ob-
serve that the stress energy contributions to (27)-(28)
are shuffled, so that we expect that matter sources could
enter now both the equations for the decoupled scalar
fields.
Let us denote the elements of P and P−1 with
P =
(
p11 p12
p21 p22
)
P−1 =
(
p¯11 p¯12
p¯21 p¯22
)
(35)
and ΦD = (δφD, δξD). It is possible to rewrite (34) as
(4−M2φ)δφD = −p¯11
κ
3
ρ (36)
(4−M2ξ )δξD = −p¯21
κ
3
ρ, (37)
where Mφ,ξ are the masses of the decoupled scalar fields
which we require to be positive and that still have to
be determined explicitly. Solutions for (36)-(37) can be
easily obtained, i.e.
δφD(x) =
2p¯11G
3
∫
d3x′
ρ(x′)
|x− x′|e
−Mφ|x−x′| (38)
δξD(x) =
2p¯21G
3
∫
d3x′
ρ(x′)
|x− x′|e
−Mξ|x−x′|, (39)
(40)
where the integration is performed over the matter
source. Hence, the solution for (25)-(26) can be written
down, noting that the field δφ is actually a linear combi-
nation by means of P of the decoupled modes δφD, δξD,
i.e.
δφ(x) = p11δφD(x) + p12δξD(x), (41)
which leads to
5h
(2)
00 (x) =
2G
φ0
∫
d3x′
ρ(x′)
|x− x′|
(
1 +
p11p¯11e
−Mφ|x−x′| + p12p¯21e−Mξ|x−x
′|
3
)
+
W0
6φ0
|x− xS |2 (42)
h
(2)
ij (x) = δij
(
2G
φ0
∫
d3x′
ρ(x′)
|x− x′|
(
1− p11p¯11e
−Mφ|x−x′| + p12p¯21e−Mξ|x−x
′|
3
)
− W0
6φ0
|x− xS |2
)
, (43)
where xS is an integration constant related to the source.
Now, in spherically symmetric case and far away from
the source, δφ(x) and the metric perturbations take the
simpler form
δφ(r) ' 2GM
3r
(
p11p¯11e
−Mφr + p12p¯21e−Mξr
)
(44)
h
(2)
00 (r) '
2GeffM
r
+
W0
6φ0
r2 (45)
h
(2)
ij (r) ' δij
(
2γGeffM
r
− W0
6φ0
r2
)
, (46)
with M the Newtonian mass of the central body and
the modified gravitational constant defined as
Geff ≡ G
φ0
(
1 +
p11p¯11e
−Mφr + p12p¯21e−Mξr
3
)
. (47)
We also introduced the post-Newtonian parameter γ,
given by
γ ≡ 3− p11p¯11e
−Mφr − p12p¯21e−Mξr
3 + p11p¯11e−Mφr + p12p¯21e−Mξr
. (48)
Solar system measurements [75] constraint γ ' 1 and in
contrast with standard metric f(R) predictions [38] but
by close analogy with [52], we see that in principle such
a requirement can be fulfilled also in the presence of long
range scalar interactions. Indeed, Yukawa contributes to
(48) are tuned by coefficients p11p¯11, p12p¯21, related to
the potential expansion (22), which can make the cor-
rections due to the scalar field negligible also for very
low masses. However, by virtue of PP−1 = I, they are
not truly independent but are compelled to satisfy the
condition
p11p¯11 + p12p¯21 = 1, (49)
so that we can a priori clearly distinguish two different
scenarios. In the first case, taking p11p¯11 and p12p¯21
of the same magnitude we are forced to consider large
masses for both the scalar fields in order to recover γ ' 1.
In the second case, on the contrary, setting one of the co-
efficient nearly vanishing, we can retain a low mass mode
which can affect astrophysical and cosmological scales,
where we also require the term proportional to W0 could
be neglected.
A. Case W0,ξ = 0
In order to see if a configuration characterized by a low
mass mode is actually attainable, we have to go back to
conditions (30), which besides fixing the value of φ0 in
terms of the potential W , also implies either ξ0 = 0 or
W0,ξ = 0
3. Especially, when W0,ξ = 0 the matrices P,
P−1 turn out to be, respectively
P =
(
− 3m
2
φ−3m2ξ+U
2ξ0W0,φξ
− 3m
2
φ−3m2ξ−U
2ξ0W0,φξ
1 1
)
(50)
and
P−1 =
1
2U
(−2ξ0W0,φξ U − 3m2φ + 3m2ξ
2ξ0W0,φξ U + 3m
2
φ − 3m2ξ
)
, (51)
where U is defined as
U ≡
√
(3m2φ − 3m2ξ)2 − 4φ0ξ0W 20,φξ. (52)
Then, combining (31) and (50)-(51), the masses of the
decoupled scalar fields can be obtained, i.e
M2φ ≡
1
2
(
m2φ +m
2
ξ +
U(φ0, ξ0)
3
)
M2ξ ≡
1
2
(
m2φ +m
2
ξ −
U(φ0, ξ0)
3
)
,
(53)
and the coefficients ruling the Yukawa corrections evalu-
ated
p11p¯11 =
U + 3(m2φ −m2ξ)
2U
(54)
p12p¯21 =
U − 3(m2φ −m2ξ)
2U
. (55)
Now, in order to assure that (53) be actually positive
defined4, the following set of inequalities must hold
U(φ0, ξ0) ≥ 0 (56a)
M2φ ≥ 0 (56b)
M2ξ ≥ 0, (56c)
3 We do not take into account the very special case ξ0 = W0,ξ = 0,
when the matrix A has a vanishing row and the scalar fields are
already decoupled, with δξ massless.
4 We are disregarding configurations where M2φ, M
2
ξ < 0, which
would lead to an oscillatory behaviour for γ (see [38]) and to
tachyonic instabilities in gravitational waves propagation (see
Sec. IV.
6which combined yields to
0 ≤ U(φ0, ξ0) ≤ 3
(
m2φ +m
2
ξ
)
, (57)
that clearly states that the sum of the masses of the
coupled scalar fields is compelled to be non negative, or
equivalently
φ0W0,φφ −W0,φ ≥ ξ0W0,ξξ. (58)
Now, according the value of U the mass spectrum can
exhibit quite different behaviour. Indeed, when U 6= 0
the masses of the decoupled modes are distinct, i.e.
M2φ −M2ξ =
U(φ0, ξ0)
3
(59)
and the spectrum is not degenerate. Then, since we are
interested in peculiar scenarios where at least one scalar
field is long range, we can take U ' Umax ≡ 3(m2φ+3m2ξ),
for which the scalar field δξD is very tiny while the mode
δφD is endowed with the mass M
2
φ ' m2φ +m2ξ .
For this arrangement of the masses the coefficients (55)
boils down to
p11p¯11 '
m2φ
M2φ
p12p¯21 '
m2ξ
M2φ
, (60)
and choosing m2φ  m2ξ we can reproduce the conditions
p11p¯11 ' 1 and p12p¯21 ' 0, which are compatible with the
requirement of preserve the observed dynamics at local
scales, provided we properly set m2φ, m
2
ξ .
B. Case ξ0 = 0
If ξ0 = 0 the function f(R,R) has no linear contribu-
tion in the Palatini scalar R and the matrix A turns in
triangolar form. In this special case, the matrices P, P−1
read as
P =
(
1 −p
0 1
)
P−1 =
(
1 p
0 1
)
, (61)
where p ≡ 2W0,ξ−φ0W0,φξW0,φ−W0,ξ−φ0W0,φφ . Since now p¯11 = 1, p¯21 =
0, the matter source is not shuffled and (36)-(37) take
the simpler form
(4−M2φ)δφD = −
κ
3
ρ (62)
(4−M2ξ )δξD = 0, (63)
with
M2φ = m
2
φ =
φ0W0,φφ −W0,φ
3
M2ξ = m
2
ξ = −
W0,ξ
3
.
(64)
Solutions can be written as
δφD(x) =
2G
3
∫
d3x′
ρ(x′)
|x− x′|e
−Mφ|x−x′| (65)
δξD(r) =
2GM
3r
e−Mξr, (66)
where we normalized conveniently the expression for δξD.
Then, far away from the central source solutions are still
given by (45)-(46), where now
Geff ≡ G
φ0
(
1 +
e−Mφr − p e−Mξr
3
)
, (67)
and
γ ≡ 3− e
−Mφr + p e−Mξr
3 + e−Mφr − p e−Mξr . (68)
In this situation, since the Yukawa correction due to the
scalar mode δφD cannot be tuned, likewise ordinary met-
ric f(R) case, we are compelled to consider configurations
in which it is very massive and its contribute appreciable
only at short scales. Conversely, properly setting the pa-
rameter p we can still have a light δξD mode, provided
2W0,ξ ' φ0W0,φξ, where p ' 0.
IV. GRAVITATIONAL WAVES PROPAGATION
In this section we will consider (20) strictly valid and
we will study the propagation of gravitational degrees of
freedom on a globally flat spacetime. In this case, it is
easy to see that consistency at the lowest order for equa-
tions (15), (18) and (19), require that the configuration
(φ0, ξ0) be both a zero and a critical point for the poten-
tial W , i.e.
W (φ, ξ) ' 1
2
(
W0,φφδφ
2 +W0,ξξδξ
2 + 2W0,φξδφδξ
)
.
(69)
Moreover, since we are interested in describing small de-
partures from Minkowski background, in order to avoid
instabilities we will assume that the point (φ0, ξ0) be a
minimum for W . In turn, this implies that5
det H(W0) ≡W0,φφW0,ξξ −W 20,φξ > 0,
W0,φφ, W0,ξξ > 0.
(70)
where we introduced H(W0), the Hessian matrix for the
potential W (φ, ξ) evaluated at the critical point (φ0, ξ0).
Hence, restricting our attention to the vacuum case
(Tµν = 0), the equation of motion for the metric field
is given by
R(1)µν −
1
2
ηµνR
(1) =
1
φ0
(∂µ∂ν − ηµν) δφ, (71)
where we did not fix a priori any gauge conditions and
R
(1)
µν and R(1) are the Ricci tensor and the Ricci scalar
5 We note that we can still have a minimum also for det H(W0) = 0,
in which case the second order derivative test is actually unpre-
dictive. Such a peculiar scenario will be discussed later.
7expressed at first order in hµν . The linearized equations
for φ and ξ instead turn out to be, respectively(
− φ0
3
W0,φφ
)
δφ− φ0
3
W0,φξ δξ = 0 (72)(
+ ξ0
3
W0,ξξ
)
δξ +
ξ0
3
W0,φξδφ = 0, (73)
where  is the D’Alambert operator  ≡ ∂µ∂µ.
We point out that (71) features the same form of met-
ric f(R) theories [76], even if the dynamical degree φ
actually satisfies the remarkably different equation (72),
which still at the linear order is coupled with the corre-
sponding equation (73) for ξ. They represent a pair of
coupled massive scalar wave equations, so that extended
hybrid metric-Palatini gravity seems to be characterized
in vacuum by two further propagating degrees of freedom
in addition to the ordinary tensorial ones. Of course, the
theory could be in principle affected by instabilities con-
cerning possible tachyonic modes, and in this respect we
will see that there exists a suitable region into the pa-
rameter space of the theory, where both the modes are
allowed to propagate.
A. Decoupling of the wave equations
Following the analysis made in Sec. III, the set (72)-
(73) can be rearranged into the form
(I2×2− B)Φ = 0 (74)
where now B is given by
B ≡ 1
3
(
φ0W0,φφ φ0W0,φξ
ξ0W0,φξ −ξ0W0,ξξ
)
. (75)
For W0,φξ 6= 0 the set must be turned to diagonal
form, and that can be accomplished provided φ0, ξ0 6= 0.
Again, it is possible to rearrange (74) into the form
(I2×2− BD)ΦD = 0 (76)
with BD ≡ P−1AP, where the matrix P is still given by
(50), provided we replace
m2φ ≡
φ0
3
W0,φφ, m
2
ξ ≡ −
ξ0
3
W0,ξξ. (77)
Then, the following set of decoupled equations for ΦD
can be written down
(−M2φ)δφD = 0 (78)
(−M2ξ )δξD = 0, (79)
with M2φ, M
2
ξ as in (53), taken into account (77). Now, in
order to assure that (78)-(79) actually describe propagat-
ing physical fields, the set of inequalities (56a)-(56c) can
be restated, by writing explicitly U and squaring (57), as
4φ0ξ0W
2
0,φξ ≤ (φ0W0,φφ + ξ0W0,ξξ)2 (80a)
4φ0ξ0 det H(W0) ≤ 0. (80b)
Since we are interested in stable minimum configurations
(70), from (80b) it follows that φ0 and ξ0 have to exhibit
opposite sign. Thus, considering (58) for W0,φ = 0, this
in turn implies that the only possible case satisfying all
the criteria is
φ0 > 0 ξ0 < 0. (81)
In fact, when (81) holds, relations (58) and (80b) are
strictly satisfied and also the squared masses of the non
diagonal modes (77) turn out to be positive.
Therefore, we claim that in generalized hybrid metric-
Palatini gravity there can exist suitable theory configura-
tions, corresponding to peculiar minima for the potential
W (φ, ξ), characterized by two additional scalar degrees
of freedom, propagating like linear waves on a Minkowski
background. Of course, since the potential W is ulti-
mately related to the functional form f(·) by means of
(10), this selects specific classes of f(R,R) models and
the existence of one or more propagating scalar degrees
could be not in general guaranteed.
Restricting our attention to f(R,R) functions equipped
with these extra scalar waves, we see that the mass spec-
trum is quite similar to the static case. For U 6= 0
it is still non degenerate and a massless mode is pro-
duced for U = Umax, where by virtue of (80b) one has
det H(W0) = 0 and the study of the Hessian matrix can-
not establish if (φ0, ξ0) is a minimum for the potential.
A discrepancy, instead, emerges for U = 0. In fact, by
means of (52) and (81), such a condition requires that be
separately satisfied the constraints:
W0,φξ = 0, φ0W0,φφ + ξ0W0,ξξ = 0. (82)
In this case, it follows from (31) that we actually deal
with a system already decoupled and the entire pro-
cedure, involving the definition of U itself, is not well
grounded. Stated otherwise, we cannot simply perform
the limit of U → 0 in (53), that would result in the de-
generate spectra
M2φ = M
2
ξ = m
2 ≡ φ0W0,φφ = −ξ0W0,ξξ, (83)
but, if W0,φξ = 0 we just retain (77), where the masses
could be in principle different. Strictly speaking, the
mass spectrum is affected by a discontinuity for U = 0,
where the masses of the actual physical modes do not
coincide with the values predicted by (53).
Although in continuing we will always assume φ0, ξ0 6= 0,
for the sake of clarity it can be instructive to briefly dis-
cuss the special setup6 of φ0 6= 0, ξ0 = 0. In this case
6 Similar considerations still hold for ξ0 6= 0, φ0 = 0
8(72)-(73) can be rearranged as

(
− φ0
3
W0,φφ
)
δφ = 0 (84)
δξ = 0, (85)
which displays that δφ is a superposition of massive and
massless components, with δξ a pure massless mode.
Eventually we describe the scenario in which
det H (W0) = 0. In this case (81) does not hold
anymore and it is easy to show that U = Umax. Hence,
it turns that only φD is massive, while ξD is massless,
and the only inequality that must be satisfied in this
case is
φ0W0,φφ ≥ ξ0W0,ξξ. (86)
Nonetheless, we can still roughly estimate the coefficients
φ0. Indeed, taking into account the definition of the fields
φ and ξ, we can assume for the function f(R,R) the
Taylor expansion
f(R,R) = α1R+ β1R+ α2R2 + β2R2 + γ1RR+O(R3),
(87)
where with O(R3) we denoted all the next-to-leading cor-
rection term, as well as all the possible coupling between
the two Ricci scalars. Then, it follows from (12) that
φ0 ' α1 + β1, (88)
and we might expect on general grounds that α1 + β1 &
0, in order gravitational interaction be attractive at the
leading order.
V. GEODESIC DEVIATION
We are now interested in analyzing the phenomenology
associated to the interaction of the scalar modes with a
sphere of test masses. Then, following [77], we decompose
the metric perturbation hµν in its irreducible parts, i.e.
h00 = 2α
h0i = βi + ∂iχ
hij = h
TT
ij +
1
3
Hδij + ∂(ij) +
(
∂i∂j − 1
3
δij4
)
λ,
(89)
with δij the Kronecker delta, 4 = ∂i∂i the Laplacian
operator and symmetrization given by A(ij) ≡ 12 (Aij +
Aji). In order to restore the proper number of degrees of
freedom, the quantities just introduced must satisfy the
set of constraints:
∂iβi = 0
∂ihTTij = 0
ηijhTTij = 0
∂ii = 0,
(90)
and it can be shown that under a linear gauge transfor-
mation, the set of variables
Π = −α+ χ˙− 1
2
λ¨
Θ =
1
3
(H −4λ)
Ξi = βi − 1
2
˙i,
(91)
turns out to be invariant, together with hTTij .
Now, as it was outlined in [76] for metric f(R) theories,
it is possible to rearrange (71) into the form
4Πφ = 0 (92a)
4Θφ = 0 (92b)
4Ξi = 0 (92c)
hTTij = 0, (92d)
where we introduced the modified static degrees
Πφ ≡ Π + 1
2
δφ
φ0
, Θφ ≡ Θ + δφ
φ0
. (93)
From (92), it is evident that beyond the scalar degrees
discussed in Sec. IV, we retain the standard tensorial
modes for the metric hµν . Moreover, it is worth noting
that with respect to the discussion in [76], the scalar
field involved into the definition (93) does not represent
a proper degree of freedom. Indeed, the quantity δφ is
actually related by means of (50) to the diagonal scalar
modes (δφD, δξD), i.e.
δφ =− 3m
2
φ − 3m2ξ + U
2ξ0W0,φξ
δφD
− 3m
2
φ − 3m2ξ − U
2ξ0W0,φξ
δξD.
(94)
Therefore, when we look at components of the linearized
Riemann tensor entering the geodesic deviation equation,
expressed in gauge invariant variables, that is
R
(1)
i0j0 = −
1
2
h¨TTij + ∂(iΞ˙j) + ∂i∂jΠ−
1
2
δijΘ¨, (95)
they can be rewritten, neglecting the static contributions
and taking into account (93) and (94), like:
R
(1)
i0j0 = −
1
2
h¨TTij + U (+)
(
∂i∂j − δij∂2t
)
δφD
+ U (−) (∂i∂j − δij∂2t ) δξD, (96)
with U (+), U (−) given by, respectively
U (±) ≡ 3m
2
φ − 3m2ξ ± U
4φ0ξ0W0,φξ
. (97)
Now, leaving aside the contribution of the tensorial de-
grees contained in hTTij and choosing the z axis coincident
9with the direction of propagation of the waves, the scalar
degrees can be described by
δφD = Aφ sin (Ωφt−Kφz)
δξD = Aξ sin (Ωξt−Kξz), (98)
with frequencies
Ωφ =
√
K2φ +M
2
φ Ωξ =
√
K2ξ +M
2
ξ , (99)
wave vectors fixed in
Kµφ,ξ = (
√
K2φ,ξ +M
2
φ,ξ, 0, 0,Kφ,ξ), (100)
and Aφ, Aξ the amplitudes of the waves. Furthermore,
we introduce the vector ~x, denoting the separation be-
tween two nearby geodesics, that is
~x = (x0 + δx, y0 + δy, z0 + δz), (101)
with x0 and δx indicating the rest position and the dis-
placement of order O(h) induced by waves, respectively7.
Thus, the geodesic deviation equation takes the form:
δ¨x ' −x0
(
U (+) (K2φ +M2φ) δφD + U (−) (K2ξ +M2ξ ) δξD)
δ¨y ' −y0
(
U (+) (K2φ +M2φ) δφD + U (−) (K2ξ +M2ξ ) δξD)
δ¨z ' −z0
(
U (+)M2φδφD + U (−)M2ξ δξD
)
.
(102)
By close analogy with the discussion in [76, 78], we see
that both the scalar degrees are able to induce two type of
polarizations. In fact, they are separately responsible for
a breathing mode on the transverse plane xy, as well as
for a longitudinal excitation along the direction of prop-
agation of the wave. In particular, in the general case
of U 6= 0, the corresponding polarizations are modulated
by factors of distinct magnitude and δφD, δξD propagate
with different speed.
Instead, when U = Umax by virtue of the condition
det H(W0) = 0 we can rearrange (97) as
U (+)max =
1
2 |ξ0|
√
W0,φφ
W0,ξξ
, U (−)max =
1
2 |φ0|
√
W0,ξξ
W0,φφ
,
(103)
and (102) becomes
δ¨x ' −x0
(
U (+)max
(
K2φ +M
2
φ
)
δφD + U (−)maxK2ξ δξD
)
δ¨y ' −y0
(
U (+)max
(
K2φ +M
2
φ
)
δφD + U (−)maxK2ξ δξD
)
δ¨z ' −z0
(
U (+)maxM2φ δφD
)
.
(104)
7 Analogously for y, z.
Since for U = Umax the mode δξD is massless, we see that
in this case it solely contributes in the geodesic deviation
as a breathing on the plane xy and the longitudinal po-
larization is entirely due to the massive mode δφD, with
mass M2φ = m
2
φ +m
2
ξ .
In the specific case W0,φξ = 0 the set of equations (72)-
(73) is naturally decoupled. We deal with two Klein-
Gordon fields characterized by different values of the
mass. As a consequence, the transformation (94) is no
longer necessary and the relevant components of the Rie-
mann can be written as
R
(1)
i0j0 = −
1
2
h¨TTij −
1
2φ0
(
∂i∂j − δij∂2t
)
δφ. (105)
Hence, only δφ enters the geodesic deviation and the
phenomenology described is identical to that descending
from the scalar-tensor formulation of metric f(R) theo-
ries, i.e.
δ¨x ' x0
2φ0
(
k2φ +m
2
φ
)
δφ
δ¨y ' y0
2φ0
(
k2φ +m
2
φ
)
δφ
δ¨z ' z0
2φ0
m2φ δφ.
(106)
Nevertheless, even if δξ does not appear explicitly in
(106), we cannot infer that the functional dependence
of f(·) on R have no phenomenological implications. In-
deed, since φ is actually the combination of ψ and ξ, we
clearly see that both contributions of f from R and R
concur in determining the effects of (106).
VI. INTERACTION OF GRAVITATIONAL
MODES
In this section we are interested in discussing typical
interference pattern between waves, especially beatings,
which takes place whenever signals with slightly different
frequencies interact. Therefore, we restrict our attention
to the case U ' 0, where the mass spectrum takes a very
peculiar configuration and allows the settling of such a
phenomenon, being the angular frequencies of the scalar
modes close to each other. That can be considered a very
distinctive marker of gravitational waves propagation in
generalized hybrid metric-Palatini theories, absent in or-
dinary metric f(R) gravity, with specific phenomenolog-
ical implications.
Thus, let us write for U ' 0 the solution of (102) as
δx(t) ' ABφ sin (Ωφt) +ABξ sin (Ωξt)
δy(t) ' ABφ sin (Ωφt) +ABξ sin (Ωξt)
δz(t) ' ALφ sin (Ωφt) +ALξ sin (Ωξt) ,
(107)
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FIG. 1. The perturbation δx in function of the time t due to
superposition of the scalar breathing modes when U ' 0. The
carrying signals with beating frequency ∆Ω are also shown
(color online). We set ∆Ω/Ω ' 0.03.
where we set z = 0 and effective amplitudes AB,Lφ,ξ given
by
ABφ ≡ U (+)A ALφ ≡
U (+)M2φ
k2 +M2φ
A
ABξ ≡ U (−)A ALξ ≡
U (−)M2ξ
k2 +M2ξ
A,
(108)
with Aφ ∼ Aξ = A and Kφ ∼ Kξ = k. After a bit of
manipulation, it is possible to recast8 (107) like
δx '
(
ABφ +A
B
ξ
)
cos (∆Ωt) sin
(
Ω¯t
)
+
(
ABφ −ABξ
)
sin (∆Ωt) cos
(
Ω¯t
)
,
(109)
where we defined ∆Ω ≡ Ωφ−Ωξ2 and Ω¯ ≡ Ωφ+Ωξ2 . Then,
the perturbation described by (109) represents a super-
position of two waves of frequencies Ω¯ with a phase shift
of pi/2, both modulated by the beating frequency ∆Ω
(Fig. 1), and relative amplitude ABφ −ABξ > ABφ +ABξ .
Eventually, we briefly mention (see [51] for details), that
in the opposite limit of U = Umax, the massless degree
δξD can interact with the tensorial perturbations. In this
case, indeed, the breathing mode due to the massless
scalar wave can be combined with the standard h+ part
of the gravitational wave, in order to obtain a description
in terms of effective tensorial excitations. In particular,
a modified plus polarization can be introduced, featuring
asymmetric stretching on axes x and y, whose deforma-
tion on a ring of test masses is characterized by ellipses
of different eccentricity.
8 We just report the result for δx. Similar considerations hold for
δy , δz .
VII. CONCLUDING REMARKS
Extended hybrid metric-Palatini theories are promis-
ing generalizations of the two main approaches to the
study of f(R) gravity, namely the metric and the Palatini
formalism. The most intriguing feature of these models is
certainly the presence of two dynamical scalar fields non
minimally coupled to gravity. This enrichment of the dy-
namical structure can be used, in principle, to remove the
technical and conceptual problems, common to both the
metric and the Palatini approach, that arise when one
tries to mimic dark matter or dark energy effects with-
out spoiling Solar System tests.
In this work we investigated the weak field limit of
the extended hybrid metric-Palatini gravity in its scalar-
tensor formulation, by analyzing the parameterized post-
Newtonian (PPN) structure of the theory and the grav-
itational wave propagation. In both cases we found the
two scalar fields solve coupled equations, then the decou-
pled scalar fields are shown to be massive, with masses
that vary in a range determined by the potential W . Par-
ticularly, the mass spectrum spans continuously the in-
terval that goes from the configuration in which the two
modes have nearly the same mass to that one in which
one field has the maximum mass (again determined by
W ) while the other field is massless. With regard to the
post-Newtonian expansion we found that the presence
of the massive fields implies that the parameters Geff
and γ acquire Yukawa-like corrections. The intensity of
these modifications is governed by coefficients that can
be tuned through specific constraints on the potential
function W . We claim that it is possible to achieve that
the corrections in the expressions of the PPN parame-
ters be small enough to stay within the constraints of
current Solar System tests, still having the presence of a
scalar massive field light enough to act as dark matter
on galactic scales. This can be accomplished by choosing
W such that the masses of the scalar fields are widely
separated: with this expedient the mass of the heavier
can be set to a value that implies the suppression of the
relative exponential factor over a convenient scale, while
the lighter can be forced to have a decay length com-
parable with galactic scales. The correction relative to
the light scalar in the expressions of Geff and γ can
be made small enough through a precise choice on the
corresponding coefficient. For what concerns the gravi-
tational waves perspective, we performed a linear metric
approximation around a Minkowski background, hence
we restricted the dynamics of the scalar fields to small
oscillations around a local minimum of W . We showed
that the decoupled fields solve two independent Klein-
Gordon equations with masses varying in the abovemen-
tioned range, except for the special cases that cause ξD
to be massless, where the latter is solution of d’Alembert
equation. The analysis of the phenomenology associated
to the scalar fields, performed via the geodesic deviation
equation for a sphere of test particles, demonstrated that
each field is detectable as the superposition of two inde-
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pendent polarizations, namely a breathing plus a longi-
tudinal mode. It must be stressed that such a finding
cannot be claimed to be a real marker for this specific
model: indeed in [76, 78] is shown that in the metric
formalism the only additional scalar field is responsible
for the same mixture of polarizations, whereas in [79] is
demonstrated that in GR gravitational waves travelling
in molecular media, like galaxies, are expected to con-
tain a dof characterized by the same feature. The strik-
ing peculiarity of this model is instead the fact that the
two scalar fields can mutually interact and produce beat-
ings. We studied this phenomenon in the special case of
nearly degenerate masses, in which the beating frequency
is much smaller than the signal frequency. However, the
same feature should be detectable for any value of the
masses in the allowed range, at least until the lighter
scalar can be properly distinguished from the massless
tensorial degrees, in which case we expect their mutual
interaction as in [51]. It remains as an open issue the
construction of a definite model, i.e. the definition of
a precise form for the function f(·), or equivalently of
W . In particular, one should investigate peculiar cases
which meet the requirements that are necessary to mimic
dark matter effects and pass the Solar System tests, pay-
ing special attention to already known potentials (as dis-
cussed in [64]) characterized by accelerating cosmological
solutions as well.
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